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Abstract. We propose a novel method for reasoning in the descriptigit lo
SH I Q. After a satisfiability preserving transformation frdaH 1Q to the de-
scription logicALCIb, the obtainedALCIb Thox T is converted into an or-
dered bhinary decision diagram (OBDD) which represents amiaal model for
T. This OBDD is turned into a disjunctive datalog program ftteat be used for
Abox reasoning. The algorithm is worst-case optimal wdata complexity, and
admits easy extensions with DL-safe rules and ground cotijignqueries.

1 Introduction

In order to leverage intelligent applications for the Setitaweb, scalable reasoning
systems for the standardised Web Ontology Language Dwe required. OWL is
essentially based on description logics (DLs), with the Dlown asSH 1Q currently
being among its most prominent fragments. State-of-th@©®t reasoners, such as
Pellet, FaC#+, or RacerPro use tableau methods with good performanchkgesut
even those successful systems are not applicable in aliigabcases. This motivates
the search for alternative reasoning approaches that bpich diCedent methods in
order to address cases where tableau algorithms turn owvi® d¢ertain weaknesses.
Successful examples are recent works based on resolutibmyaer-tableau calculi, as
realised by the systems KAON2 and HermiT.

In this paper, we pursue a new DL reasoning paradigm basetieonge of or-
dered binary decision diagrams (OBDD). These reasoning tave been successfully
applied in the domain of large-scale model checking andieation, but have hitherto
seen only little investigationin DLs [1]. Our work bases areent adoption of OBDDs
for terminological reasoning iBH 1Q [2]. This approach, however, is inherently inapt
of dealing with assertional knowledge directly. We therefadopt the existing OBDD
method for terminological reasoning, but use its outpugkmerating a disjunctive dat-
alog program that can in turn be combined with Abox data taiokd correct reasoning
procedure. The main technical contribution of the papen shiow this adoption to be
sound and complete based on suitable model constructionsidzring possible appli-
cations, the work establishes the basis for applying OB@Beld methods fa8H 1Q
reasoning, including natural support for DL-safe rules gralind queries. Implemen-
tation is still at prototype stage, but was used to genemateeextended examples that
illustrate our method.

L http://www.w3.0rg/2004/0WL/



The structure of the paper is as follows. In Section 2, welfsome essential def-
initions and results on which we base our approach. Sectitre3 discusses the de-
composition of models into sets dbminoeswhich are then computed with OBDDs
in Section 4. The resulting OBDD presentation is transfatteedisjunctive datalog in
Section 5, where we also show the correctness of the apprBaction 6 concludes.

2 The Description LogicsSHI1Q and ALCI b

We first recall some basic definitions of DLs (see [3] for a coshgnsive treatment of
DLs) and introduce our notation. Next we define a rather esgive description logic
SH 1Qb that extend$SH 1Q with restricted Boolean role expressions [4]. We will not
considerSH 1Qb knowledge bases, but the DL serves as a convenient umhoglta |
for the DLs used in this paper.

Definition 1. A SH 1Qb knowledge base is based on three disjoint setsafcept
nameNc, role namedNg, andindividual names\,. A set ofatomic rolesR is defined
asR [CNg [{R | R [Ng}. In addition, we setnv(R) [CR1 andInv(R") [CR]and
we will extend this notation also to sets of atomic roles.hi@ $equel, we will use the
symbols RS to denote atomic roles, if not specified otherwise.

The set oBoolean role expressiorsis defined as

B [RJI-B|B [BI|B [BI
We usel‘Ib denote standard Boolean entailment between sets of @atoies and role
expressions. Given a setof atomic roles, we inductively define:

— For atomic roles RR [R if R (R, andR [R otherwise,

— R [3U if R W, andR 3U otherwise,

— R [ IVIif R [ andR Y, andR [ [Votherwise,
— R [ MIifR [ orR [V, andR [ [Vlotherwise.

A Boolean role expression U iestrictedif _T_U. The set of all restricted role ex-
pressions is denoted, and the symbols U and V will be used throughout this paper
to denote restricted role expressionsSid 1Qb Rboxis a set of axioms of the form

U [M (role inclusion axiom) offira(R) (transitivity axiom). The set of non-simple roles
(for a given Rbox) is inductively defined as follows:

— If there is an axionTra(R), then R is non-simple.
— If there is an axiom with R non-simple, then S is non-simple.
— If Ris non-simple, themv(R) is hon-simple.

A role issimpleif it is atomic (simplicity of Boolean role expressions ig relevant in
this paper) and not non-simple. Based oSkl 1Qb Rbox, the set ofoncept expres-
sionsC is the smallest set containimg, and all concept expressions given in Table 1,
where GD G, U [T, and RCR is a simple role. Throughout this paper, the symbols
C, D will be used to denote concept expressionSH\ Qb Thox (or terminology) is

a set ofgeneral concept inclusion axior{GCIs) of the form CCO. ASH 1Qb Abox
(containingassertional knowledgés a set of statements of the forngaL or R(a, b),



Table 1. Semantics of constructors 8H 1Qb for an interpretatiod with domainA!.

Name Synta¥Semantics
inverse role [R™ {X¥y[IT A" x A" | 3 x[(IR"}
role negatiop-U  [{d yCITA' xA' | ®yCTO'}

roleconj. (U MU' n V!
roledisj. (U MU' Ot
top —1 A
bottom —1 |
negation |[-C |A'\C!

conjunction [C c'nD!

disjunction |C c!' o

univ. rest. |[UIC |{x CA' | ¥ y[1O"impliesy [Q'}
exist. rest. |[UIC |{x [A' |y [A': ®y[10', y A"}
qualified |<nRC|{x [A' |#y [A'|¥ y(IR',y [A'} < n}
number rest=n RC|{x [A' | #y [(A'| KX y(TR', y [(A'} = n}

where ab [CN,. We assume throughout that all roles and concepts occuirirtye
Abox are atomic (which can be done without loss of genejatysH 1Qb knowledge
base KBis a triple [A, R, T [ whereA is an AboxR is an Rbox, and is a Thox.

As mentioned above, we will consider only fragmentsStfl 1Qb. In particular,
aSH 1Q knowledge base is 8H 1Qb knowledge base without Boolean role expres-
sions, and arALC 1b knowledge base is 8H 1Qb knowledge base that contains no
Rbox axioms and no number restrictions (i.e. axian$RC or =n RC). Consequently,
anALCIbknowledge base only consists of a pik, T [whereA is an Abox andl
is a Tbox. The related DIALCQ1b has been studied in [4].

An interpretationl consists of a seA! called domain(the elements of it being
calledindividualg together with a function! mapping individual names to elements of
A", concept names to subsetsdf and role names to subsets/idfx A'. The function
-1 is extended to role and concept expressions as shown in TaBleinterpretatiord
satisfiesan axiom¢ if we find thatl = ¢, where

- 1EFU vifU' ', - 1 EC(a)if a' @',

— 1 ETra(R) if R! is a transitive relation, — 1 ER(a, b)if (a',b") [R'.

- 1 EC [DOifc' D',
1 satisfiesa knowledge base KH, = KB, if it satisfies all axioms of KBSatisfiability
equivalenceandequisatisfiabilityof knowledge bases are defined as usual.

For convenience of notation, we abbreviate Thox axioms efftnm I C by
writing justC. Statements such dsf C andC KB are interpreted accordingly. Note
thatC [ can thus be written asC

Finally, we will often need to access a particular set of difiad and atomic subfor-
mulae of a DL concept. These specific parts are provided bfuthetionP : C - 2°:

D) if C=-D
D) LE(E) if C=D LEbrC =D LE
} CP(D) if C = QU.D with 0 L{L, I3, <n}

} otherwise

P(C) [




We generalisé® to DL knowledge bases KB by definirig(KB) to be the union of the
setsP(C) for all Tbox axiomsC in KB.

We will usually express all Thox axioms as simple conceptesgions as explained
above. Given a knowledge base KB we obtain its negation ndiorra NNF(KB) by
converting every Tbox concept into its negation normal faswsual. It is well-known
that KB andNNF(KB) are equivalent.

For ALCIb knowledge bases KB, we will usually require another norsagion
step that simplifies the structure of KB Hiatteningit to a knowledge baseLAT(KB).
This is achieved by transforming KB into negation normahfaand exhaustively ap-
plying the following transformation rules:

— Select an outermost occurrencegf.D in KB, such that) [ I} andD is a
non-atomic concept.

— Substitute this occurrence wighlJ.F whereF is a fresh concept name (i.e. one not
occurring in the knowledge base).

— If 0 I 1}, add-F [Dito the knowledge base. knowledge base.

Obviously, this procedure terminates yielding a flat knalgle bas&LAT(KB) all Tbox
axioms of which are Boolean expressions over formulae ofdahma A, —A, or QU.A
with A an atomic concept name. As shown in [2], all.C I b knowledge base KB is
equisatisfiable t&LAT(KB). This work also detailed a reduction 8H 1Q knowledge
bases teALC1b that we summarise as follows:

Theorem 2. Any SH 1Q knowledge bas&B can be transformed in polynomial time
into an equisatisfiabl&LC Ib knowledge baskB "

It is easy to see that the algorithm from [2] is still applitln the presence of
Aboxes, and that ground Abox conclusions are preservedh-tivit exception of en-
tailments of the fornR(a, b) for non-simple rolefk which fall victim to the standard
elimination of transitivity axioms.

3 Building Models from Domino Sets

Our approach towards terminological reasoninginC I b exploits the fact that models
for this DL can be decomposed into small parts, which we a@athinoesIntuitively,
each domino abstractly represents two individuals ilAAnC 1 b interpretation, based
on their concept properties and role relationships. Wesed that suitable sets of such
two-element pieces dicelto reconstruct models &SL.C1b Thoxes, and satisfiability
of ALCIbterminologies can thus be reduced to the existence of $aisais.

We first introduce the basic notion of a domino set, and iegi@hship to interpreta-
tions. Given a DL language with conce@sand rolesR, adominois an arbitrary triple
[A,R,BLwhereA, B [(@andR [R. We will generally assume a fixed language and
refer to dominoes over that language only. Interpretatiamsbe deconstructed into sets
of dominoes as follows:

Definition 3. Given an interpretatiod = [A',.! [Jand a seC [Q of concept expres-
sions, thedomino projectiorof 1 w.r.t. C, denoted bytc(1) is the set that contains for
all 8, 8”CA! the triple [A, R, BWith



- A={C [Q|s a'},
- R={R[R|QFIR"Y},
- B={c Ca|s~ca'}.

An inverse construction of interpretations from arbitrdomino sets is as follows:

Definition 4. Given a seD of dominoes, the inducedbmino interpretatiod (D) =
', 'Ok defined as follows:

1. A' consists of all finite nonempty words ou@mwhere, for each pair of subsequent
letters[A, R, BL[and [A"'RY'BTih a word, we havé = A"

2. Ford = [A1, Ry, Ax[TB\;, Ry, A3l . [Aj-1, Ri-1, Ai[@ word and A[CN¢ a concept
name, we defin&il(5) [AJ, and sed CA' i CA [Tail(3),

3. For each R[MIg, we setld}, 5, R if eitherd, = 8;[A, R, BOith R R or
01 = 02[A, R, BWwvith Inv(R) [R.

Mark that — following the intuition — the domino interprétat is constructed by
conjoining matching dominoes. This process is also simdathe related method of
“unravelling” models in order to obtain tree-like interpagons.

Domino projections do not faithfully represent the struetof the interpretation that
they were constructed from, yet they capture enough infaom#o reconstruct models
of a TboxT, as long a€ is chosen to contain at lead{T ). Indeed, it was shown in [2]
that, for anyALCIb terminologyT, J E T i [X(npry(J)) E T. This observation
allows us to devise an algorithm that directly constructsiitgable domino set from
which one could obtain a model that witnesses the satidfialoif some knowledge
base. The following algorithm therefore considers all fisslominoes, and iteratively
eliminates those that cannot occur in the domino projeafany model:

Definition 5. Consider anALC b terminologyT, and defineC = P(FLAT(T)). Sets
D; of dominoes based on concepts frérare constructed as follows:
Dy consists of all dominod#, R, B (Which satisfy:

1 .
kb: for every concept @BLAT(T), we have that 5 5D [Qis a tautology,
ex: forall JJA [Q, if A B andR [0 then [TIA A,
uni: for all JJIA [q, if [TJJA CA andR [0 then ACB.

Given a domino sdb;, the seD;.; consists of all dominoe@, R, B[1D; satisfy-
ing the following conditions:

delex: for every [UIA [Q with [TIA A, there is soméA, RYBY I D); such that
RUCO and A CBY

deluni: for every [UIA [Q with [TIA A, there is soméA, RYBY 1 D; such that
RYECO but A (BY

sym: [B, Inv(R), ACTD;.

The construction of domino sdis,; is continued untiD;+; = D;. The final result
D+ [CDj, defines theanonical domino sedf T .

2 Note that formulae irFLAT(T) and in A [Q are such that this can easily be checked by
evaluating the Boolean operatorsGres if A was a set of true propositional variables.



Note that the algorithm must terminate, since it starts fediinite initial setD that
is reduced in each computation step. Intuitively, the atgor implements a kind of
greatest fixed point construction that yields the dominggmtion of the largest possible
model of the terminological part of aALCI1b knowledge base. The following result
makes this intuition more explicitly:

Lemma 6. Consider anALCIb terminologyT and an arbitrary modell of T. Then
the domino projectiompe arcty (1) is contained irD+.

Proof. The claim is shown by a simple induction. In the following, wse (A, R, B[]
to denote an arbitrary domino abg.arr)) (). For the base case, we must show that
TpELarry) (1) [Do. Let [A, R, Bb denote an arbitrary domino o arcry) (1) which
was generated from elemeridsd TIThenlA, R, B[ 3atisfies conditiokb, sinced Q'
for anyC [CHLAT(T). The conditiongx anduni are obviously satisfied.

For the induction step, assume thade arry) (1) D, and let[A, R, BChAgain
denote an arbitrary domino b arcry) (1) which was generated from elemefxd{]

— Fordelex note thatfUIA A impliesd [C([UIA)'. Thus there is an individual
d™such thatd) 5™ W"' andd™ CA'. Clearly, the domino generated 6§ 6™
satisfies the conditions afelex

— For deluni, note thatfTIA A impliesd [C(UIA)'. Thus there is an individual
d™such thatld) 3™ W' andd™ CA!. Clearly, the domino generated I 6™
satisfies the conditions afeluni.

— The condition ofsym for [A, R, B[ls clearly satisfied by the domino generated
from @61 1

We will also exploit this observation in the later constiantof models for knowl-
edge bases with individual assertions. The following wasraghown in [2]:

Theorem 7. An ALCIb terminologyT is satisfiable itk canonical domino sé+ is
non-empty. Definition 5 thus defines a decision procedursdtisfiability of ALCIb
terminologies.

4 Sets as Boolean Functions

The algorithm of the previous section may seem to be of |ittkectical use, since it re-
quires the computations on an exponentially large set ofidoas. The required com-
putation steps, however, can also be accomplished with a mdirect representation of
the possible dominoes based on Boolean functions. Indeggrapositional logic for-
mula represents a set of interpretations for which the fanavaluates térue. Using

a suitable encoding, each interpretation can be undersi®adlomino, and a proposi-
tional formula can represent a domino set.

In order for this approach to be more feasible than the ndgarighm given above,
an elcidnt representation of propositional formulae is nee#ed.this we use binary
decision diagrams (BDDs), that have been applied to reptesenplex Boolean func-
tions in model-checking (see, e.g., [5]). A particular opsiation of these structures are
ordered BDDs (OBDDs) that use a dynamic precedence ordeopbpitional variables
to obtain compressed representations. We provide a firsduattion to OBDDs below.
A more detailed exposition and pointers to the literatueegiven in [6].



Boolean Functions and OperationsWe first explain how sets can be represented by
means of Boolean functions. This will enable us, given a fifieile base ses, to
represent every family of sess (2% by a single Boolean function.

A Boolean functioron a setvar of variables is a functiog : 2¥& - {true, falsg.
The underlying intuition is thap(V) computes the truth value of a Boolean formula
based on the assumption that exactly the variablésarie evaluated ttrue. A simple
example are so-callezharacteristic functionsf the form v, for somev [Mar, which
are defined asvl,(V) [irlkeilv [V, or the functionslirlednd [falsel happing
any input totrue or false respectively.

Boolean functions over the same set of variables can be emdlzind modified in
several ways. Firstly, there are the obvious Boolean opexdbr negation, conjunc-
tion, disjunction, and implication. By slight abuse of rnaia, we will use the com-
mon (syntactic) operator symbots [T, dand - to also represent such (semantic)
operators on Boolean functions. Given, e.g., Boolean fanstp andy, we find that
(6 (V) = true i (V) = true and (V) = true. Note that the result of the ap-
plication of [résults in another Boolean function, and is not to be undedstas a
syntactic formula. Another operation on Boolean functisnaxistential quantification
over a set of variableg [Var, written as[\1 for some functiord. Given an input set
W [\ of variables, we definel@h)(W) = true i CThere is some V [ such that
d(VELW \ V)) = true. In other words, there must be a way to set truth values of vari
ables inV such thatp evaluates tdrue. Universal quantification is defined analogously,
and we thus havéVl) [C=TVH¢ as usual. Mark that our use d@fand [Caverloads
notation, and should not be confused with role restrictioriBL expressions.

Ordered Binary Decision Diagrams Binary Decision Diagrams (BDDs), intuitively,
are a generalisation of decision trees which allow the retisedes. Structurally, BDDs
are directed acyclic graphs whose nodes are labelled bghblas from some seétar.
The only exception are twterminal nodes that are labelled lisyue andfalse respec-
tively. Every non-terminal node has two outgoing edges,esponding to the two pos-
sible truth values of the variable.

Definition 8. ABDD is a tupleO = (N, Nyt Nirue, Ntaise, low, high, Var, A) where

N is a finite set callethodes

— Not [N is called theoot node

— Nyue, Niase LN are called theéerminal nodes

low, high : N \ {Nye, Ntase} — N are twochild functionsassigning to every non-
terminal node dow and ahigh child node. Furthermore the graph obtained by
iterated application has to be acyclic, i.e. for no node rsexa sequence of appli-
cations oflow andhigh resulting in n again.

— Var is a finite set ofvariables

— AN\ {Nye, Naise} - Varis the labelling function assigning to every non-terminal
node a variable fronvar.

OBBDs are a particular realisation of BDDs where a certagtedng is imposed
on variables to achieve mord eidnt representations. We will not require to consider



the background of this optimisation in here. Now every BD3dzhon a variable set
Var = {X4, ..., X} represents an-ary Boolean functiorp : 22" _, {true, falsg.

Definition 9. Given aBDDO = (N, Nyoot, Nirues Ntaises 10w, high, Var, A) the Boolean func-
tion oo : 22" - {true, falsg is defined recursively as follows:

bo Lo, Dq)rhr = [frhel] ¢|£‘F = [{dlse]

Ise

¢n = 7 [X(n) IQlj@l)w(n) :UX(H) [;‘migh(n) forn CN\ {ntruev nfalse}

In other words, the valu$(V) for someV [\ar is determined by traversing the
BDD, beginning from the root node: at a node labelled with\ar, the evaluation pro-
ceeds with the node connected by ttigh-edge ifv [\, and with the node connected
by thelow-edge otherwise. If a terminal node is reached, its laba@tigned as a result.

BDDs for some Boolean formula might be exponentially larggéneral, but often
there is a representation which allows for BDDs of managesize. Finding the op-
timal representation is NP-complete, but heuristics h&aasve to yield good approx-
imate solutions. Hence (O)BDDs are often conceived Bsi@ntly compressed repre-
sentations of Boolean functions. In addition, many operation Boolean functions —
such as the aforementioned “point-wise” negation, cortjongdisjunction, implication
as well as propositional quantification — can be performesbdly on the corresponding
OBDDs by fast algorithms.

Translating Dominos into Boolean Functions To apply the above machinery to DL
reasoning, consider a flattené&d_C1b terminologyT = FLAT[g). A set of propo-
sitional variablesvar is defined as/ar R (T) x {1,2} . We thus obtain an
obvious bijection between sets6 [VWar and dominoes over the s&(T) given as
AR B3 (A x{1}) R (B x {2}). Hence, any Boolean function ovear rep-
resents a domino set as the collection of all variable setwlfich it evaluates tdrue.
We can use this observation to rephrase the constructi®r dah Definition 5 into an
equivalent construction of a functidil []

We first represent DL concepBsand role expressiond by characteristic Boolean
functions ovewar as follows. Note that the application éfrdsults in another Boolean

function, and.is not to be understood as a syntactic formula.
[DIC] if C==D %MD if U==V
L1 (ITECiHf C=D [H B CTTWEaf U=V W
[ [(ITECiHf C=D [H EV/ICTIWEd U=V W
1M if C CR(T) SR if U R

We can now define an inferencing algorithm based on Booleagtifans.

Definition 10. Given a flattened@\LC 1b terminologyT and a variable sevar defined
as above, Boolean functioh3l [, -&re constructed based on the definitions in Fig. 1:

- MG g1 [, _
_ EDI;[L Emmelex mﬂelunl Ijijym
The construction terminates as soon BHE[L., = [M [ Jand the result of the con-

struction is then defined aBI [ TT1[1The algorithm returns “unsatisfiable” if
[MIY) = false for all V [\hr, and “satisfiable” otherwise.
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Fig. 1. Boolean functions for defining the canonical domino set ififd&on 10.

PhDStudentl ThasDiploma
Diploma [Thas .Graduate
Diploma [CGraduate 1T
Diplomalaureug  PhDStuder(taureug

Fig. 2. An exampleALC1b knowledge base.

As shown in [2], the above algorithm is a correct procedurecf@ecking consis-
tency of terminologicaALC b knowledge bases. Moreover, all required operations
and checks are provided by standard OBDD implementatiombttaus can be realised
in practice. Correctness follows from the next observatighich is also relevant for
extending reasoning to Aboxes below:

Proposition 11. For any ALCIb terminologyT and variable set V[ Mar as above,
we find that[Tl (V) = true i[CM represents a domino D+ as defined in Definition 5.

In the remainder of this section, we illustrate the abovemtigm by an extended
example, to which we will also come back to explain the late¢ersions of the infer-
ence algorithm. Therefore, consider tAe¢_C I b knowledge base given in Fig. 2. For
now, we are only interested in the terminological axioms,dbnsistency of which we
would like to establish. As a first transformation step, &bX axioms are transformed
into the following universally valid concepts in negaticormal form:

-PhDStudeniThasDiploma -DiplomalThias .Graduate -Diplomal=Graduate

The flattening step can be skipped since all concepts aradgiftat. Now the relevant
concept expressions for describing dominoes are as folifven by the seP(T) =
{[hasDiploma [has .GraduateDiploma Graduate PhDStuderjt We thus obtain the
following setVar of Boolean variables (thouglar is just a set, our presentation follows
the domino intuition):

(MhasDiploma 11 |has |[ThasDiploma, 2]
[Ihas .Graduate1has |[1lhas .Graduate 2]
[Diploma 1] [Diploma, 2]
[Graduate1] [Graduate2[]
[BhDStudentl[] [BhDStuden2]
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Fig. 3. OBDDs arising when processing the terminology of Fig. 2ldwahg traditional BDD
notation, solid arrows indicateéigh successors, and dashed arrows inditatesuccessors.

We are now ready to construct the OBDDs as described. Figyleft} displays an
OBDD corresponding to the following Boolean function:

¢K° [(FHORhDStudentl I TMhasDiploma, 1M
[(HDiploma 1T TIMhas .Graduate 111
[(=HDiploma 1T =ITGraduate 111

and in Fig. 3 (right) shows the OBDD representing the funclidl [oobtained from
$*P by conjunctively adding

¢ = -[Diploma 2T =Ihas T TIMhasDiploma 10T and
¢'"" = <[Ihas.Graduate 1T =lhas [N TIGraduate2l]

Then, after the first iteration of the algorithm, we arriv@atOBDD representingT [ ]
which is displayed in Fig. 4. This OBDD turns out to be the firesult (TI ]

5 Abox Reasoning with Disjunctive Datalog

The above algorithm does not yet take any assertional irdtbam about individuals
into account. Now the proof of Theorem 7 given in [2] hingesmphe fact that the
constructed domino sé&tr induces a model of the terminolody, and Lemma 6 states
that this is indeed thgreatesimodel in a certain sense. This provides some first intuition
of the problems arising when Aboxes are to be added to the ledgs baseALCIb
knowledge bases with Aboxes do generally not have a greated|.

We thus employdisjunctive datalogas a paradigm that allows us to incorporate
Aboxes into the reasoning process. The basic idea is to ®dgtalog program that
— depending on two given individuadsandb — describes possible dominoes that may
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Fig. 4. Final OBDD obtained when processing Fig. 2, using notat®imdrig. 3. Arrows to the 0
node have been omitted for better readability.

connect andbin models of the knowledge base. There might be variougamreilable
such dominoes in diedent models, but disjunctive datalog supports such ctsinoe it
admits multiple minimal models. As long as the knowledgeslieas some model, there
is at least one possible domino for every pair of individpisssibly without connect-
ing roles) — only if this is not the case, the datalog progréinfer a contradiction.

In earlier sections, we have already reduced terminolbggesoning inALCIbto
iterative constructions of Boolean formulae, and one miightempted to directly cast
these constructions into datalog. However, the termirioldgeasoning must take into
accoundll possible individuals occurring in the constructed greatexdel. If we want
to represent individuals by constants in datalog, this Waeafuire us to declare expo-
nentially many individuals in datalog. This would give upthe possible optimisation
of using OBDDs, and basically just mirror the naive dominicemstruction in datalog.

So we use the OBDD computed from the terminology as a kind efcempiled
version of the relevant terminological information. Abakdrmation is then considered
as a kind of incomplete specification of dominoes that mustdoepted by the OBDD,
and the datalog program simulates the OBDD'’s evaluatiordch of those.



Definition 12. Consider anALCI1b knowledge baskB = [A, T [3uch thatA con-
tains only atomic concepts, and [@t= (N, Niyot, Nirue, Ntaise, lOW, high, Var, A) denote an
OBDD obtained as a representation GfLAT(T )[ds in Definition 10. A disjunctive
datalog programDD(KB) is defined as followdDD(KB) uses the following predicate
symbols:

— aunary predicate g for every concept expression [CR(FLAT(T)),
— a binary predicate & for every atomic role R* N,
— a binary predicate Afor every OBDD node i'N.

The constants iDD(KB) are just the individual names used M. The disjunctive
datalog rules oDD(KB) are defined as follows:

(1) DD(KB) contains rules» A, (x,y) and A, (X, y) —.
(2) If C(a) CA thenDD(KB) contains— Sc(a).
(3) If R(a,b) CA thenDD(KB) contains— Sgr(a, b)
(4) If n CN with A(n) = [Q, 1[TthenDD(KB) contains rules
Sc(X) CAKXY) - Anigh(n (X, Y) and A(X,Y) - Aowm(X,Y) CSE(X).
(5) If n CN with A(n) = [Q, 2ThenDD(KB) contains rules
Sc(y) CAK(XY) = Anignm (X Y) and AX,¥) — Aowm) (X y) LSE(Y).
(6) If n CN with A(n) = R for some RN thenDD(KB) contains rules
Sr(X,Y) LAKX,Y) ~ Anign(n) (X, Y) @nd Ay(X,Y) — Aow(n)(X,Y) LSk(X,Y).
(7) If n CN withA(n) = R for some RCNg thenDD(KB) contains rules

Sr(Y, X) CAK(X,Y) — Anigh(y(% Y) and Av(X,Y) - Aowry(X, Y) CSk(Y, X).

Note that the number of variables per ruleDB(KB) is bounded by 2. The seman-
tically equivalent grounding obD(KB) thus is a propositional program of quadratic
size, and the worst-case complexity for satisfiability dtieg is NP, as opposed to the
NE [T T@omplexity of disjunctive datalog in general. Note thatcotirse DD(KB)
may still be exponential in the size of KB in the worst caseehhains to show the
correctness of the datalog translation.

Lemma 13. Given anALCIb knowledge bas&B such thatl is a model ofKB,
there is a modelJ of DD(KB) such thatl F C(a) iCC.J E Sc(a), and 1 E R(a,b) i1
J E Sk(a, b), forany ab [N;, C [N¢, and R[NRg.

Proof. Let KB = (A, T). We define an interpretatiad of DD(KB). The domain ofJ
is the domain ofl, i.e.A' = A7 For individualsa, we seta’ [Ca'l The interpretation
of predicate symbols is now defined as follows (note fais defined inductively):

-3 [Sicaca’,
— B}, 8,197 i (184, 5,( TR,
— [0h, 5, [T A, forall 8,5, (A,
— [3h, 8,[1-A, for n [l if there is a node“such thatd}, 5, 1_A,; and one of
the following is the case:
« \(nY = [Q,i[¥or some [{1,2}, andn = low(nYy ands; Q'
« A(nY = [Q,i[¥or some [{1,2}, andn = high(n) ands; Q'
« A(nY = Randn = low(n% and &}, 5, [T R"



« A(nY = Randn = high(ny and &}, 5, T R"

Mark that, in the last two item$ is any role expression frovar, and hence is a role
name or its inverse. Also note that due to the acyclicitothe interpretation of the
A-predicates is indeed well-defined. We now show thais a model ofDD(KB). To
this end, first note that the extensions of predic&esand Sg in J were defined to
coincide with the extensions & andR in 1. Sincel satisfiesA, all ground facts of
DD(KB) are satisfied byJ . This settles cases (2) and (3) of Definition 12.

Similarly, we find that the rules of cases (4)—(7) are satidfgJd . Consider the first
rule of (4),Sc(X) CAI(XY) - Avignm (% ¥), and assume thag 3 and(@}, 5, 1Ay .
Thusd; @', and, using the preconditions of (4), we conclude ﬂﬁatégEDA;’igh(n)
follows from the definition ofJ. The second rule of case (4) covers the analogous
negative case, and all other cases can be treated similarly.

Finally, for case (1), we need to show th], = [_For that, we first explicate
the correspondence between domain elemenss afid sets of variables @: Given
elements;, 5, [CA' we defineVs, 5, [{0,n] C CP(FLAT(T)),d, CC'} (IR |
&4, 5, T R'}, the set of variables corresponding to thelomino betweed; andd,.

Now A;_ = [dlearly is a consequence of the following claim: for&l5, A"
and alln N, we find that(d}, 6, 1A, implies $n(Vs, 5,) = true (using the notation
of Definition 9). The proof proceeds by induction. For theecas= n,.;, we find that
¢n,,, = O LBinceVs, 5, represents a domino df, the claim thus follows by combining
Proposition 11 and Lemma 6.

For the induction step, let be a node such thdd}, 6,1[A, follows from the
inductive definition ofJ based on some predecessor nodfor which the claim has
already been established. Note thaimay not be unique. The cases in the definition of
J must be considered individually. Thus assumin, andd; satisfy the first case, and
that [d}, 6,CT-A,. By induction hypothesish,(Vs, 5,) = true, and by Definition 9 the
given case yield$,(Vs, 5,) = trueas well. The other cases are similar. —1

Lemma 14. Given anALCIb knowledge baskB such that] is a model oDD(KB),
there is a model of DD(KB) such thatl | C(a) iCJ E Sc(a), and 1 E R(a, b) i1
J E Sk(a, b), forany ab [N;, C [N¢, and R[NRg.

Proof. LetKB = (A, T). We construct an interpretatidnwhose domaia' consists of
all sequences starting with an individual name followed lgyassibly empty) sequence
of dominoes fronDt such that, for every A,

— if 3 begins withalA, R, BLthen{C | C CR(FLAT(T)),a’ (32} = A, and
— if & contains subsequent lettd®, R, B[and AR B, thenB = A

For a sequencé = alAj, Ri, Ax[TB,, Ry, Azl . [Aj-1, Ri-1, Ai[lwe define tail§) 1
A\, whereas for @ = awe define tailf) [{0|C CR(FLAT(T)),a” [372}. Now the
mappings ofl are defined as follows:

— fora [N,, we havea'! &l

— for A [N¢, we haved [CA! i CA [Tail(5),

— for R [N, we haveld}, 5, TR! if one of the following holds
* 8 =a [N andd, = b [N, and(@ b33, or



e 0, =01[A, R, BWith R [R, or
e 0; = 0,[A, R, Bwith Inv(R) [R.

Thus, intuitively, 1 is constructed by extracting the named individuals as wedirt
concept (and mutual role) memberships frdmand appending an appropriate domino-
constructed tree model to each of those named individuagpndteed by showing that
1 is indeed a model of KB.

We begin with the following auxiliary observation: For eyéwo individual names
ab [N, andRap = {R| @, b? OCSR} LIhv(R) | [B7,a’ CIC$}, the domino
[fail(a), Rap, tail(b) Cis contained irDt (Claim 1). Using Proposition 11, it shces to
show that the Boolean functidid] Ciflapplied toV,, [Hidil(a) x{1} (R, [Tall(b) x{2}}
yields true. Since (& ¢y, this is obtained by showing the following: For any
a,b [N, we find that@’, b? CICA;] implies ¢n(Vap) = true. Indeed, the intended
claim follows since we have’, b? [T A; due to the first rule of (1) in Definition 12.

root

We proceed by induction, starting at the leaves of the OB dasdal blilﬂ,ﬁtrue is
immediate, anda bl:l]‘fllimse is excluded by the second rule of (1). For the induction
step, consider nodesn~'[N such that eitheh(n) [W,, andn™'= high(n), or A(n) [
Vap andn™= low(n). We assume tha’?, b? [T A7, and, by induction, that the claim
holds forn™ If A, = [G, 1[dthen one of the rules of case (4) appliesatbandb”. In
both cases, we can infé@’, b? [T A7, and hencepn(Vap) = true. Together with the
assumptions for this case, Definition 9 implies thafVap) = true as required. The
other cases are analogous.

It is easy to see thak satisfies all Abox axioms from KB by definition, due to the
ground facts irDD(KB) (case (2) and (3) in Definition 12). To show that the Thex i
also satisfied, we need to show that all individuald adre contained in the extension
of each concept expression BEAT(T). To this end, we first show tha&t CC' i [
C [Tail(d) for all C CR(FLAT(T)). If C [N¢ is atomic, this follows directly from the
definition of 1. The remaining cases that may occuP{FLAT(T)) areC = [UIA and
C = [JA

First consider the cage = [UIA, and assume that CQ'. Thus there i$” A"
with 8]9I W' and&™ [CA'. The construction of the domino model admits three
possible cases:

— 8,6”[N, andRgs- (W andA [CTail(3%. Now by t, the dominadfail(s), Rss tail (8]
satisfies conditioex of Definition 5, and thu€ [Tail(d) as required.

— "= 8[{ail(d), R, tail @YOvith R [ andA [Til(8". SinceDt [Dy, we find that
[fail(8), R, tail(8Y3atisfies conditioex, and thusC [Tail(8) as required.

— & = d'fail(8Y, R, tail(d) CWwith Inv(R) U andA [Hail(8"). By conditionsym,
D+ contains the domindfail(3), Inv(R), tail(Y[Jand we can again invokex to
concludeC [tail(5).

For the converse, assume tH&IIA [Tail(6). SoDt contains a domindA, R, tail(d) [
This is obvious if the sequen@eends with a domino. 16 = a [N, then it follows
by applyingt to a with the first individual being arbitrary. Bgym D+ also contains
the dominolfail(3), R, ALIBy conditiondelex the latter implies thaDt contains a
domino[{ail(3), RY AT 3uch thaR™[W andA CA" Thusd™= 3[{ail(8), R A an
I-individual such thafd] " T 0" ands™A', and we obtaid [{(ITUIA)! as claimed.



For the second case, consider= [UIA and assume tha [T'. As above, we
find thatDt contains some dominid, R, tail(d) [ wheret is needed it [N,. By sym
we find a domindtail(d), R, ALJFor a contradiction, suppose th@TIA [Thil(5). By
conditiondeluni, the latter implies thabt contains a dominail(3), RS AHT3uch that
RYCW andA CAM Thusd™= &[{ail(5), R, A anl-individual such thafd] 8710
andd™'CA'. But thend [(IUIA)!, which is the required contradiction.

For the other direction, assume thHafllA [Thil(5). According to the construction
of I, for all element$-with 3] 810", there are three possible cases:

— 3,0 [N, andRgso CW. Now by t, the dominolfail(3), Rss, tail(3"3atisfies con-
dition uni, whenceA [Tail(3"Y).

_ 50= 3Maild), R, tail(3Ywith R [U. SinceDr [ Dy, [fil(3), R, tail(3FCust
satisfy conditioruni, and thusA [Tail(3Y.

— & = dMf@il(3Y, R, tail(d) (With Inv(R) [W. By conditionsym, Dt also contains the
domino[fail(3), Inv(R), tail(3Jand we can again usmi to concludeA [Tail(35.

Thus,A CTail(dY for all U-successor8-of 3, and hencé [{IUIA)' as claimed.

To finish the proof, note that any domiré, R,IBE.E[DT satisfies conditiorkb.
Usingsym, we have that for any [A', the axiom pmailg) O A is a tautology for
all C [CHLAT(T). As shown abovey [ D' for all D [f&il(8), and thusd [Q'. Hence
every individual ofl is an instance of each conceptrafAT(T ) as required. 1

Lemma 13 and 14 show thBD(KB) faithfully captures both positive and negative
ground conclusions of KB, and in particular tH2b(KB) and KB are equisatisfiable.
As discussed in Section 3H 1Q knowledge bases can be transformed into equisatis-
fiable ALCIb knowledge bases, and hence the above algorithm can alsetéoude-
cide satisfiability in the case &H 1Q. The transformations used to convBil 1Q to
ALCIDb, however, do not preserve all ground consequences. IrcpatiSH 1Q con-
sequences of the forR(a, b) with Rbeing non-simple may not be entailed bp(KB).
Such positive non-simple role atoms are the only case wheedments are lost, and
thusDD(KB) behaves similar to the disjunctive datalog progranated by the KAON2
approach [7].

The above observation immediately allow us to add reasosupgort forDL-safe
rules [8], simply by adding the respective rules BiD(KB) after replacingC andR
by Sc andSg. A special case of this afeL-safeconjunctive queries, i.e. conjunctive
queries that assume all variables to range only over nantédidnals. It is easy to
see that, as a minor extension, one could generally allowdncept expressionRIA
and [RIA in queries and rules, simply becau3®(KB) represents these elements of
P(FLAT(T)) as atomic symbols in disjunctive datalog.

6 Discussion

We have presented a new reasoning algorithnSferl Q knowledge bases that com-
pilesSH 1Q terminologies into disjunctive datalog programs, whiahtien combined
with assertional information for satisfiability checkingda(ground) query answering.
The approach is based on our earlier work on terminologi¢dll Q reasoning with



ordered binary decision diagrams (OBDDs), which fails winéroducing Aboxes as it
hinges upon a form of greatest model property [2]. OBDDs nosvsdill used to pro-
cess terminologies, but are subsequently transformediisjianctive datalog programs
that can incorporate Abox data. The generation of disjuaatatalog may require ex-
ponentially many computation steps, the complexity of \Wwidepends on the concrete
OBDD implementation at hand — findiregptimal encodings NP-complete but heuris-
tic approximations are often used in practice. Queryinglibginctive datalog program
then is co-NP-complete w.r.t. the size of the Abox, so thatdhta complexity of the
algorithm is worst-case optimal [7].

The presented method exhibits similarities to the algoritmderlying the KAON2
reasoner [7]. In particular, pre-transformations are figplied toSH 1Q knowledge
bases, so that the resulting datalog program is not comfaetguerying instances of
non-simple roles. Besides this restriction, extensiortt WBiL-safe rules and ground
conjunctive queries are straightforward. The presentedgssing, however, is very dif-
ferent from KAONZ2. Besides using OBDDs, it also employs Baaml role constructors
that admit an d_cidnt binary encoding of humber restrictions [2].

For future work, the algorithm needs to be evaluated in pracA prototype im-
plementation was used to generate the examples within #merpbut this software is
not fully functional yet. It is also evident that redundargimination techniques are
required to reduce the number of generated datalog ruleéshvidalso an important
aspect of the KAON2 implementation. Another strand for fatdevelopment is the
extension of the approach to take nominals into accountrifgignt revisions of the
model-theoretic considerations are needed for that case.
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